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SUMMARY 

I.  f l -Hydroxybutyrate  dehydrogenase (D-3-hydroxybutyrate:NAD + oxido- 
reductase, EC 1.1.1.3o) from Rhodopseudomonas spheroides was prepared and initial 
velocity studies in the presence and absence of product at zero time were performed. 

2. The product inhibition pat tern was found to be consistent with an ordered 
sequential mechanism. 

3. Nonlinear regression analyses were applied to selected combinations of the 
velocity data to provide estimation of the parameters,  their standard deviations, and 
confidence limits. 

4. Analysis of variance provided a basis for determination of the acceptability 
of the model and for discrimination of points that  showed extreme lack of fit. 

5. A data-blocking procedure has been introduced that  permits the estimation 
of parameters using combinations of data  sets that  were obtained with different 
concentrations of enzyme. 

6. The lack of one-to-one correspondence between the set of kinetic constants 
and the set of rate constants imposed difficulties in the initial a t tempt  to apply the 
nonlinear regression analysis to the full rate equation in rate constant form. 

7. A reformulation of the kinetic constants based on the requirement for a 
non-zero Jacobian for the transformation has been developed that  provides a one- 
to-one correspondence with the set of rate constants. 

8. A method for the evaluation of the approximate 95% confidence regions 
of the parameters and for the assessment of the experimental design by  means of a 
determination of the eigenvalues of the solution matr ix  (X'X) is introduced. 

INTRODUCTION 

Evaluation of the parameters  of an enzymic reaction implies the assumption 
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of a mechanism for the interaction of the enzyme intermediates and the substrate 
components. Kinetic analysis therefore should give some indication of the accept- 
ability of the model as well as a measure of the reliability of the estimates of the 
parameters. The classical method of transforming the enzymic rate equation from 
rate constants to kinetic constants, which are defined as maximum velocities, 
Michaelis constants, and inhibitor constants, and the application of an experimental 
design based on linearization procedures 1, are useful for obtaining preliminary 
information about the transformed model but do not provide a suitable basis for 
testing the fundamental rate constant model. 

Estimation of the kinetic constants by means of separate analysis of the replot 
of intercepts and slopes, which are derived from the reciprocal relationship defined 
between velocity and variable substrate 1, is not reliable since the interdependence of 
the parameters has been removed as a factor in their evaluation. A consequence of 
this is that meaningful standard deviations for the kinetic constants cannot be ob- 
tained. Moreover, the least square lines for the replot of slopes and intercepts provide 
a very limited number of degrees of freedom for statistical analysis of the data. These 
deficiencies can be overcome to some extent by the application of nonlinear regression 
analysis to the full rate equation when it is modified to conform to the limiting con- 
ditions of the experimental design employed. The existence of constant variance can 
then be determined by examination of the distribution of the residual error and, if 
homogeneity of variance is not observed, a re-evaluation of the model can be per- 
formed. 

This approach was tested by its application to combinations of data sets 
obtained from an initial velocity study of the mechanism of action of I~ (--)-/~-hydroxy- 
butyrate dehydrogenase (D-3-hydroxybutyrate:NAD + oxidoreductase, EC 1.1.1.30 ) 
from Rhodopseudomonas spheroides. Nonlinear regression analyses were carried out 
by a modification of the Gauss linearization method that made possible the simul- 
taneous estimation of large numbers of parameters using provisional values obtained 
from a previous determination of the kinetic constants by the reciprocal plot pro- 
cedure. 

Extracts of R. spheroides have been shown by Carr and Lascelles ~ to reduce 
nicotinamide adenine dinucleotide (NAD +) in the presence of DL-/5-hydroxybutyrate 
as substrate but only the D(--) isomer was oxidized. The reaction was freely reversible 
and NADH was oxidized in the presence of free acetoacetate. Neuberger and TaR a 
obtained a soluble D(--)-/%hydroxybutyrate dehydrogenase from cell free extracts 
of R. spheroides and the Michaelis constants, determined with crude enzyme at 
saturating concentrations of the second substrate were found to be o.63 mM for 
D(--)-/%hydroxybutyrate and o.o 4 mM for NAD +. Bergmeyer et al. 4 crystallized the 
enzyme from R. spheroides and the molecular weight was calculated to be 85 ooo by 
sedimentation equilibrium. The apparent Michaelis constants were o.41, o.o8, o.28, 
and o.o54 mM for the substrates/5-hydroxybutyric acid, NAD +, acetoaeetate, and 
NADH, respectively. 

In the present study, tile results of initial velocity and product inhibition 
experiments were found to be consistent with an ordered sequential type of mecha- 
nism. Analyses of the combination of all the data indicated that the method of trans- 
formation of the full rate equation to kinetic constant form has to be assessed care- 
fully to ensure that the definitions of the kinetic constants for the transformed model 
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are in agreement with the degrees of freedom implicit in the fundamental rate con- 
stant  equation. 

MATERIALS AND METHODS 

Preparation of the enzyme 
The enzyme was prepared by the method of Williamson et al. 5 from the organ- 

ism R. spheroides (NCIB 8253) grown aerobically in the light. Since the L(+) isomer 
of fl-hydroxybutyric acid has been shown not to inhibit the enzymic reaction 6, the 
racemic mixture, DL-fl-hydroxybutyric acid, was used as substrate. All concen- 
trations and kinetic constants are therefore expressed in terms of the racemic mixture. 

Reagents 
DL-fi-Hydroxybutyric acid, in the form of its sodium salt, was obtained from 

L. Light and Co., Ltd, Colnbrook, England. 
fl-NAD+ and fl-NADH were obtained as the disodium salts (Grade III) from 

Sigma Chemical Co., St. Louis, Mo., U.S.A. 
Trishydroxymethylaminomethane (Tris) and citrate were obtained from 

British Drug Houses Ltd, Toronto, Ontario, Canada. 
Sodium acetoacetate was prepared by  hydrolysis of ethylacetoacetate by the 

method of Ljunggren 7. 

Assay of enzyme activity 
The enzyme reaction was studied by measuring the reduction of NAD + or the 

oxidation of NADH. Enzyme assays were performed in a Unicam SP-8oo spectro- 
photometer  equipped with a variable speed slave recorder having a full scale ex- 
pansion equal to the range, o.o to o.I absorbance units. Kinetic measurements were 
made at 34 ° n m  in silica cells of I cm light path. Four reactions were followed simul- 
taneously and the temperature during assay was maintained at 30 °C by means of a 
thermostatically controlled cell holder. All kinetic studies were carried out using 
Tris-ci trate buffer, pH 8.0, final concentration o.I M with respect to both Tris and 
citrate. The major volume components of the assay mixture were kept at 30 °C prior 
to each group of experiments. I ml of buffer (0.3 M) was added initially to the cuvette. 
Substrate components were made up in IO times their final concentration and 0.3 ml 
of the appropriate solution was then added followed by  1.7 ml of water. The enzymic 
reaction was initiated by the injection of IO #1 of enzyme solution and the mixture 
was stirred with a Nalgene stirrer. Since the enzyme was found to be more stable in 
cysteine, all enzyme samples were diluted with 0.2 M cysteine, pH 7.4, in a i :i volume 
ratio before each experiment and maintained at o °C until added to the assay mixture. 
Accurately standardized amounts were not employed because of the instability of 
the enzyme preparation but active samples were chosen to lie within the linear range 
of act ivi ty versus volume of enzyme as represented in Fig. I. 

Each experiment consisted of a group of 30 to 36 assays using different concen- 
trations of the substrate components. The slopes of the resultant tracings from the 
spectrophotometric analysis were measured over an initial 5 rain period and the 
velocity of the enzymic reaction was expressed as the change in absorbance at 34 ° n m  
per minute. 
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The velocity data were analyzed initially to determine the degree of fit to Eqn I 

I / V  - -  i n t e rcep t  + slope × i / [ subs t r a t e ]  (l) 

and secondary effects for variation in intercept or slope were assessed for the alternate 
fixed substrate component. Least square lines were determined by a multiple re- 
gression method 8 adapted to provide estimates of the maximum velocity (V) and the 
Michaelis constant (Kin) from Eqn I. Nonlinear regression analyses of combined data 
sets were carried out by a modification of the Gauss linearization method (Appen- 
dix I). 

The graphs of least square lines for reciprocal plotting were obtained using the 
IBM/36o Calcomp plotter and were computed from the parameters  provided by 
fitting the inverse of Eqn I to each set of 6 data points represented in Figs 3 to 8. 

RESULTS 

Enzyme activity 
The purified D(--)-fl-hydroxybutyrate dehydrogenase preparation was found 

to have a trace (o.1%) of NAD + reducing and NADH oxidizing activity in the 
absence of added fl-hydroxybutyric acid or acetoacetate. Although this activity 
could be removed by  dialysis, it was expedient, because of the instability of the 
enzyme, to correct for it by  the use of blank cells containing all the components of 
the assay mixture except the acid substrates. 

The variation of enzyme activity relative to concentration of the dehydrogenase 
is shown in Fig. I. The initial velocity was linearly dependent on the enzyme concen- 
tration over a Io-fold range for the assay conditions chosen. 

The pH opt imum for enzyme activity in the presence of Tris-citrate buffer 
was investigated (Fig. 2). In the direction for f l-hydroxybutyrate oxidation the 
opt imum was pH 9.0 and for acetoacetate reduction, pH 7.7. Because of the fact that  
both pH curves were relatively fiat, the choice of pH 8.0 for kinetic studies of the 
reaction in both directions was a reasonable one. 
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Fig. i .  Effect  of enzyme  concen t r a t ion  on in i t i a l  ve loc i ty  in the  presence of io  mM f l -hydroxy-  
b u t y r a t e  and  o.93 mM N A D  + in o . i  M Tris-HC1 buffer, p H  9.o. 
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Fig. 2. Effect of p H  on the activity of f l -hydroxybutyra te  dehydrogenase.  Curve 1, act ivi ty in the 
direction of oxidat ion of f l -hydroxybutyra te .  Init ial  velocities were determined with Io mM fl- 
h y d r o x y b u t y r a t e  and o.76 mM NAD + in o.I  M Tris-c i t ra te  buffer. Curve 2, act ivi ty in the direc- 
t ion of reduction of acetoacetate. Initial velocities were determined wi th  8. 5 mM acetoacetate and 
o.18 mM N A D H  in o.i M Tris-citrate buffer. 

Initial velocity studies 
When the concentrat ion of  NAD ÷ was varied for different fixed concentrat ions 

of  f l -hydroxybutyra te ,  the least square lines for the reciprocal plot intersected to the 
left of  the vertical axis (Fig. 3a). A similar pat tern  of  intersecting lines was obtained 
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Fig. 3(a) Init ial  velocity analysis with NAD + as the variable subs t ra te  and /~-hydroxybutyrate  
fixed at  the following concentrat ions:  2 . o m M  (i); 1.33 mM (2); o.67 mM (3); 0.20 mN (4); 
o . io  mM (5). (b) Init ial  velocity analysis with f l -hydroxybutyra te  as the variable subs t ra te  and 
NAD ~ fixed at  the following concentrat ions  : 0.876 mM (I) ; 0.292 mM (2) ; o. I46 mM (3) ; o. IIO mM 
(4); 0.088 mM (5). 
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w h e n  / ~ - h y d r o x y b u t y r a t e  was  t h e  v a r i a b l e  s u b s t r a t e  for  d i f f e r e n t  f ixed  c o n c e n -  

t r a t i o n s  o f  N A D  + (Fig.  3b).  F o r  t h e  r e a c t i o n  in  t h e  r e v e r s e  d i r e c t i o n ,  u s i n g  N A D H  

or a c e t o a c e t a t e  as v a r i a b l e  s u b s t r a t e  r e s p e c t i v e l y  in  t h e  p r e s e n c e  of  f ixed  c o n c e n -  

t r a t i o n s  of  t h e  s e c o n d  s u b s t r a t e ,  t h e  s a m e  t y p e  o f  r e c i p r o c a l  p l o t  was  o b t a i n e d  as  

s h o w n  in  Fig.  4 a a n d  4 b. T h e  r e s u l t s  of  t h e  i n i t i a l  v e l o c i t y  s t u d i e s  i n d i c a t e  t h a t  t h e  

s u b s t r a t e s  a d d  in  a s e q u e n t i a l  m a n n e r  to  t h e  e n z y m e  b e f o r e  a n y  p r o d u c t s  a re  r e l e a s e d  ~. 
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Fig. 4(a) init ial  velocit~ analysis with NADH as the variable substrate  and acetoacetate fixed 
at  the following concentrations:  4.25 mM (i); o.532 mM (2); o.386 mM (3); o.284 mM (4); o.212 
mM (5). (b) Initial  velocity analysis with acetoacetate as the variable substrate  and NADH fixed 
at  the following concentrations:  o.15 mM (I); o.o15 mM (2); O.OLO mM (3); o-oo5 mM (4); o-oo37 
mM (5)- 

Fig. 5(a) Product  inhibit ion by acetoacetate with NAD + as the variable substrate  with/5-hydro- 
xybutyra te  at  i mM and acetoacetate fixed at the following concentrations: o.o (i); o.o71 mM 
(data rejected by multiple regression program for significant difference in s tandard error s ) (2); 
o.142 mM (3); o.283 mM (4); °.567 mM (5); o.85o mM (6). (b) Product  inhibition by acetoacetate 
with/~-hydroxybutyrate  as the variable substrate  with NAD * at  o.296 mM and acetoacetate fixed 
at  the following concentrations:  o.o (i); o.o53 mM (data rejected by multiple regression program 
for significant difference in s tandard error s) (2) ; o.213 mM (3); o.425 mM (4); o.85o mM (5) ; 1-7o 
I n M  (6). 

Product inhibition studies 
W i t h  N A D  + as  v a r i a b l e  s u b s t r a t e ,  a c e t o a e e t a t e  p r o v i d e d  a n o n - c o m p e t i t i v e  

i n h i b i t i o n  ef fec t  w h e n  / 5 - h y d r o x y b u t y r a t e  w as  p r e s e n t  a t  n o n - s a t u r a t i n g  c o n c e n -  

t r a t i o n  (Fig. 5a). N A D H  w as  a c o m p e t i t i v e  i n h i b i t o r  for  t h e  s a m e  c o n d i t i o n s  (Fig.  6a).  

W h e n  / ~ - h y d r o x y b u t y r a t e  w as  t h e  v a r i a b l e  s u b s t r a t e  for  f ixed  c o n c e n t r a t i o n s  of  

N A D  +, b o t h  a c e t o a c e t a t e  (Fig.  5b) a n d  N A D H  (Fig.  6b)  c a u s e d  n o n - c o m p e t i t i v e  in-  

h i b i t i o n .  T h e  s a m e  p r o d u c t  i n h i b i t i o n  p a t t e r n  was  o b t a i n e d  for  t h e  r e v e r s e  r e a c t i o n  
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Fig. 6. (a) Product inhibition by NADH with NAD + as the variable substrate with fl-hydroxy- 
butyrate at I mM and NADH fixed at the following concentrations: o.o (i); 0.026 mM (2); o.o4i 
mM (3); 0.052 mM (4); 0.082 mM (data rejected by multiple regression program for significant 
difference in standard error 8) (5) ; o.Io3 mM (6). (b) Product inhibition by NADH with/5-hydroxy- 
butyrate as the variable substrate with NAD + at o.28 mM and NADH fixed at the following con- 
centrations: o.o (I); 0.0093 mM (2); o.o185 mM (3); 0-037 mM (4); 0.074 mM (5); o. i i  mM (6). 

Fig. 7. (a) Product inhibition by/5-hydroxybutyrate with NADH as the variable substrate with 
acetoacetate at 0.68 mM and /5-hydroxybutyrate fixed at the following concentrations: o.o (i); 
0.83 mM (2); 1.65 mM (3); 3.33 mM (4); 6.67 mM (5); IO.O mM (6). (b) Product inhibition by/5- 
hydroxybutyrate with acetoacetate as the variable substrate with NADH at 0.044 mM and /3- 
hydroxybutyrate fixed at the following concentrations: o.o (i); o.83 mM (2); 1.65 mM (3); 3.33 
mM (4) ; 6.67 mM (5) ; IO.O mM (6). 

w h e n  N A D H  a n d  a c e t o a c e t a t e  were  e m p l o y e d  as v a r i a b l e  subs t r a t e s  and  the  p r o d u c t s  

f l - h y d r o x y b u t y r a t e  (Fig. 7 a, 7 b) and  N A D  ÷ (Fig. 8a, 8b) were  p r e sen t  a t  f ixed in i t ia l  
concen t r a t i ons .  T h e  resu l t s  of  t h e  p r o d u c t  i n h i b i t i o n  s tud ies  are  s u m m a r i z e d  in 
T a b l e  I. T h e  s lope and  i n t e r c e p t  effects  were  a n a l y z e d  s e p a r a t e l y  for the i r  degree  o f  

fit  to  l inear ,  pa rabo l i c ,  a n d  h y p e r b o l i c  func t ions .  No  s igni f icant  r e d u c t i o n  in t he  e r ror  

s u m  of  s q u a r e s  was  o b s e r v e d  for t he  n o n l i n e a r  f u n c t i o n s  in c o m p a r i s o n  w i t h  t he  l inear .  

DISCUSSION 

T h e  p r o d u c t  i n h i b i t i o n  p a t t e r n  i n d i c a t e d  in Tab l e  I is c o m p a t i b l e  w i t h  an  
O r d e r e d  B i  B i  m e c h a n i s m  1 r e p r e s e n t e d  s c h e m a t i c a l l y  b y  Model  I whe re  A a n d  B are  

specif ied r e s p e c t i v e l y  b y  N A D  + and  f l - h y d r o x y b u t y r a t e  for t he  f o r w a r d  r e a c t i o n  and  

k~A k3B ks k7 
E ~ EA ~ EAB-EPQ k ~s P EQk ~ E 

k~ k 4 8Q, 
(Model I) 



8 R. HURST el al. 

910.D 

q 

0.0 t , t  2 .2 3.3 q.q 5.5 
I / P VI:~IIRBI.E , g RNO O FIXED ( HILLIPiOLI~ ) 

eqO.O 4 u 

~zoo 2 

0.0 t6,O 32.0 q8.0 ~4.0 eO.O 
I / O VP&I[RBLE , R RNO P F IXED ( HILLIHOLI :~ I  ) 

a 

Fig. 8. (a) Product inhibition by NAD + with NADH as the variable substrate with acetoacetate 
at o.68 mM and NAD + fixed at the following concentrations: o.o (i) ; o.o59 mM (2) ; O.ll 7 mM (3) ; 
o.233 mM (4) ; o.465 mM (5) ; o.698 mM (6). (b) Product inhibition by NAD ~ with acetoacetate as 
the variable substrate with NADH at 0.o423 mM and NAD + fixed at the following concentrations: 
o.o (i); o.o78 mM (2); o.156 mM (3); o.312 mM (4); o.624 mM (5); o.935 mM (6). 

TABLE I 

PRODUCT I N H I B I T I O N  PATTERN FOR D(- - ) - /~ -HHYDROXYBUTYRATE DEHYDROGENASE FROM R.  sphe- 
roides 

Variable Fixed Inhibition by product added at zero time a 
s ub str ale s ub strate ~ 

NA D + fl-Hydroxybutyrate 

NAD + fl-Hydroxybutyrate - - 
f l-Hydroxybutyrate NAD + 
Acetoacetate NADH non non 
NADH Acetoacetate comp non 

Acetoacetate NA DH 

non comp 
non non 

a Comp and non signify competitive and non-competitive inhibition by product. 
b Substrate fixed at less than half saturation. 

P a n d  Q are  spec i f ied  b y  a c e t o a c e t a t e  a n d  N A D H  for  t h e  r ev e r s e  r eac t i on .  T h e  full 

r a t e  e q u a t i o n  for  th i s  m e c h a n i s m  has  b e e n  d e r i v e d  1 b y  t h e  m e t h o d  of  K i n g  a n d  

A l t m a n  9 a n d  w r i t t e n  in k ine t i c  c o n s t a n t  f o r m  b y  v a r i o u s  m e t h o d s  of  t r a n s f o r m a -  

tion1,1°-12. T h e  se t  o f  k ine t i c  c o n s t a n t s  (Vf ,  Vr,  K A ,  K B ,  K p ,  KQ, KIA,  KfB ,  K ip ,  

K,Q) u s e d  in t h i s  s t u d y  h a v e  b e e n  de f ined  p r e v i o u s l y  12. 

F o r  t h e  in i t i a l  ve loc i t y  c o n d i t i o n s  i l l u s t r a t e d  in Fig.  3a a n d  3b t h e  r a t e  e q u a t i o n  

m a y  be w r i t t e n  in t h e  f o r m  
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V.EA]. [B] 
v = (2) 

[A]'[B] + KA-[B] + KB'[A] + KiA'KB 

Combination of the data sets for the experiments in Fig. 3a and 3b provided 
a total of 60 experimental values for fitting Eqn 2. Because of the fact that the 
enzyme concentration was not the same for the two sets of initial velocity studies, 
an additional parameter was needed to provide a basis for estimation of the value of 
VAB for A as variable substrate in Fig. 3a and the value of V•A for B as variable 
substrate in Fig. 3b. To accomplish this an array of variables, Z 1 and Z 2, were intro- 
duced with each element in each set of Z corresponding to each element in the set 
of dependent variables v for each data point (Appendix I). Accordingly each element 
in Z1 was set equal to I for the data set from Fig. 3a and to o for the data set from 
Fig. 3b; Z2 was set equal to the converse values. The introduction of the Z array 
provides the increase in the degrees of freedom needed for the evaluation of the 
additional parameter. This procedure is equivalent to the standard method of 
normalization in which the values of the dependent variable are adjusted after 
evaluation of the enzyme concentration for a given block of data but it has the 
advantage that the primary data are not subjected to the possible inclusion of an 
extraneous error. The modified form of the equation to permit the estimation of the 
maximum velocity for each of the data blocks in Fig. 3a and 3b is shown in Eqn 3 

(VAB'Z 1 + VBA'Z2)'[A]'[B] 
7, = (3) [A].[B] + KA'[B] + KB'[A] + KiA'KB 

The solution of Eqn 3 by nonlinear regression analysis permitted the estimation 
of the 5 parameters, VAB, VBA, KA, Ks,  and K~A, and their standard deviations. 
Analysis of variance provided the total sum of squares, the sum of squares due to 
deviation from regression, and the sum of squares due to regression; significance 
could be estimated with (n, nw--n) degrees of freedom using the F statistic (Appen- 
dix I). The results of this analysis are presented in Table II. 

For the reverse reaction, under initial velocity conditions, the equation is of 
the same form. Since the equation is symmetrical, it does not provide a basis for 
defining the sequential relationship indicated in Model I and convergence to the same 
minimum sum of squares due to error occurs irrespectively of the definition of the 
substrates, A and B or P and Q. The designation of the parameters in Table II  is 
therefore a result of an overall appraisal of the data. 

Combination of the data sets from Fig. 4 a and 4 b permitted the estimation of 
the following set of parameters, VoP, Vpo, KO, Kp, and K, o, and their standard 
deviations (Table II), by means of an appropriately modified form of Eqn 3. The 
F statistic for these data was found to be very low in comparison with the data for the 
forward reaction and an examination of the distribution of the residual error indicated 
the presence of an extreme bias in the higher ranges for both NADH as variable 
substrate and acetoacetate. When the data points associated with o.15 mM NADH 
in Fig. 4 b and with 4.25 mM acetoacetate in Fig. 4 a were removed, a normal distri- 
bution of the residual error was obtained. Comparison of the variance for the different 
treatment of the data in Table I I  demonstrates a highly significant reduction in the 
residual sum of squares. I t  should be noted that the use of the Fp~rtial for this type 
of comparison is not an orthodox procedure but the marked differences observed 
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TABLE 11 

KINETIC PARAMETERS,  STANDARD DEVIATIONS,  AND ANALYSIS OF VARIANCE FOR INITIAL VELOCITY 

DATA FOR D( ) - /~ -HYDROXYBUTYRATE DEHYDROGENASE FROM R.  spheroides 

KM and Kilt defined as mM × IO2; maximum velocity as Aa4 0 nm X lO 2 per rain. 

Experimental conditions 

NAD+ + N A D H  + N A D H  + 
[3-hydroxybutyrate a acetoacetate b acetoacetate c 

KA 5.7 8 ± 0.55 - - 
KB 52.67 ± 2.51 -- -- 
KiA 42.65 ± 2.46 - -- 
VAU t.74 i 0-03 -- - 
VBA 1 . 6 I  ~. 0 . 0 2  -- -- 

KQ - 2.Ol ~ o.14 1.79 =L o.21 
h'p 22.03 ± 2.36 37.7 ° ± 4.94 
](tQ - 4.14 ~ 0.66 2.46 ± 0.28 
VQp -- 1.23 -c 0.04 1.41 ~_ o.io 
VI, Q - 1.30 ± 0.02 1.21 _-L 0.07 
Variance × IO 8 1.334o 7.4749 1-4321 
F value (df. n, m) a 20 880 (5, 55) 3 220 (5, 55) 6 680 (5, 43) 
Fpartial (removal of 12 data points) e 20. 4 (12, 43) 

a Combination of 60 data points fronl Fig. 3a and 3 b. 
b Combination of 6o data points from Fig. 4 a and 4 b 
e Six data points for acetoacetate fixed at 4.25 mM and 6 data points for NADH fixed at 

o.15 mM eliminated for combination of data from Fig. 4 a and 4 b. 
a Degrees of freedom (df) for n parameters and for m equal to the number of data points 

minus the number of parameters. 
e The Fpartial for difference in residual sum of squares (RSS) is defined by (RSS1 RSS2) × 

df,/(RSS 2 × (dfl--df2)). Feritieal (o.oo5:I2, 4 o) = 2.95. 

p r o v i d e  a r e a s o n a b l e  bas i s  for  a c c e p t i n g  t h e  h y p o t h e s i s  t h a t  an  a d d i t i o n a l  effect ,  n o t  

e x p l a i n e d  b y  t h e  s t r u c t u r e  o f  E q n  3, is p r e s e n t  in t h e  d a t a  for  t h e  h i g h e r  c o n c e n t r a t i o n  

r a n g e  of  N A D H  a n d  a c e t o a c e t a t e .  E l i m i n a t i o n  of  a d d i t i o n a l  d a t a  p o i n t s  d id  n o t  

c o n t r i b u t e  a s ign i f i can t  c h a n g e  in t h e  r e s idua l  s u m  of  squares .  

The  c o m p e t i t i v e  a n d  n o n - c o m p e t i t i v e  i n h i b i t i o n  ef fec ts  for  low c o n c e n t r a t i o n s  

of  N A D H  in t h e  p r e s e n c e  of  N A D +  a n d  f l - h y d r o x y b u t y r a t e  as v a r i ab l e  s u b s t r a t e  

(Fig.  6a, 6b) can  be  d e s c r i b e d  b y  E q n  4- 

( V A B Q ' Z  1 @ V B A Q ' Z 2 ) ' [ A ] ' [ B ]  
v = (4) 

[AJ.[B] -t- KA-[B] + Kn'[A] 2- K iA 'KB + KA'[B]'[Q]/KIQ + KiA'KB'[QI/K~Q 

T h e  va r i ab l e s ,  Z 1 a n d  Z 2, in E q n  4 are  de f ined  as be fo re  to  d i s t i n g u i s h  b e t w e e n  

t h e  va lue  o f  VABQ for  A as v a r i a b l e  s u b s t r a t e  in  Fig.  6a a n d  VBAQ for  B as v a r i ab l e  

s u b s t r a t e  in  Fig .  6b. The  c o m b i n a t i o n  of  72 d a t a  p o i n t s  p e r m i t t e d  t h e  e s t i m a t i o n  of  

t h e  6 p a r a m e t e r s ,  VABQ, VBAQ, KA, KB,  KiA, a n d  K,Q,  a n d  t h e i r  s t a n d a r d  d e v i a t i o n s  

(Table  I I I ) .  E q n  4 m a y  be  m o d i f i e d  to  p e r m i t  c o m b i n a t i o n  of  d a t a  f r o m  Figs  3a, 3b, 

6a, a n d  6b b y  t h e  e x p a n s i o n  o f  t he  n u m e r a t o r  to  p r o v i d e  E q n  5 

( V A B - Z  1 - -  VBA.Z2  D V V A B Q ' Z  3 -~ V B A Q ' Z 4 ) ' [ A J ' [ B  1 
v = (5) 

Denominator 4 

w h e r e  D e n o m i n a t o r  4 r e p r e s e n t s  t h e  d e n o m i n a t o r  as s h o w n  in E q n  4- T h e  desig-  
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V 

nations of V for each of the data blocks are defined by an expansion of the Z array 
for each concordant data  set. The results are presented in Table I I I .  

Combination of data  from Fig. 5a and 5b for evaluation of the non-competitive 
inhibition effect for low concentrations of acetoacetate in the presence of variable 
concentrations of the substrates, NAD ÷ and fl-hydroxybutyrate,  was tested initially 
by fitting Eqn 6 

(VABp'ZI+ VBAP'Z~)" [A] • [B] 

[AJ. [B] 2- KA" [B] + KB" [A ] + KiA" KB + KB" KpQ. [A ]" OBJ. [P]/K,B + KB" KeQ" [A~" [P] + KiA" KB" KpQ'~] (6) 

The presence of a nonlinear dependence between the parameters, KQ, Kp, and 
KIQ, was eliminated by  the definition KpQ = Ko/(Ke'KiQ). This substitution is 
necessitated by  a requirement of the nonlinear regression program (Appendix I) that  
no dependent relationships may  occur between the columns of the solution matrix 
(X'X). Such a dependence causes a condition of near-singularity and is signalled by 
the existence of a determinant for the X'X matrix that  is too small. This may  also 
occur if the experimental design is not adequate, indicating that  a dependency may 
exist because of the choice of experimental points. I t  was found that  the combined 
data  from Fig. 5a and 5b did not support the estimation of the 7 parameters defined 
in Eqn 6 and convergence to a satisfactory minimum could only be obtained by 
decreasing the number of parameters. This was accomplished by setting KtB equal 
to KpQ to yield Eqn 7 

( VAB P" Z 4 -}- V B A p .  Z2) • [ A ] .  [B]  
v (7) 

[A ]" [B] + KA" [B] + KB" [A ] + Kia" KB + K B" [A ]" [B]" [P] + K,B" KB' [A ]" [P] + Kia" Kl B' K B" [P] 

An additional problem in the assessment of the data from Fig. 5 a and 5b was 
due to the anomalous effect of acetoacetate at o.8 5 mM in Fig. 5a when NAD + was 
the variable substrate and at 1.7o mM in Fig. 5b when fl-hydroxybutyrate was the 
variable substrate. Elimination of the data points associated with these concen- 
trations of acetoacetate along with those rejected by the multiple regression program s, 
permit ted a satisfactory convergence for the nonlinear regression analysis and the 
results presented in Table I I I  were accordingly obtained for 4 8 data points fitted to 
Eqn 7. 

When the data for Figs 3a, 3 b, 5 a, and 5b were combined it was possible to 
estimate the 9 parameters,  VAB, VBA, VABP, VBAP, KA, KB, Kl,, K,B, and KpQ, 
using Eqn 8, which is an expanded form of Eqn 6 

( V A B ' Z  1 -~- V B A ' Z  2 + V A B P ' Z  3 -{- V B A P . Z 4 ) . [ A ] . [ B  ] 
v = (8) 

Denominator  6 

Examinat ion of the estimates of K~B and Kpq (Table I I I )  shows no significant 
difference in their values. 

Combination of all of the data for the forward reaction (Figs 3a, 3b, 5a, 5b, 
6a, and 6b) was assessed using Eqn 9 

( VAB" Z 1 @ VBA" Z 2 -}- VABP" Z a @ VBAP' Z 4 i t VABQ* Z~ it  VBAQ" Z$)" [A ]" [B] 

[AJ B] +KA" [B] +KB" [A] +K,A'KB+KA" [B]" [Q]/KtQ+KiA" Kn" [Q]/K,q+KB" KpQ" [AJ. [B]' [P]/KfBq KB" KpQ. [A]* [P] it KfA" KB.KpQ [PJ 
(9) 

Convergence to an acceptable minimum was achieved without difficulty using 
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TABLE I I I  

K I N E T I C  P A R A M E T E R S ,  S T A N D A R D  D E V I A T I O N S ,  A N D  A N A L Y S I S  O F  V A R I A N C E  F O R  I N I T I A L  V E L O C I T Y  

D A T A  F O R  T H E  F O R W A R D  R E A C T I O N  C A T A L Y Z E D  B Y  D (  ) - f l - H Y D R O X Y B U T Y R A T E  D E H Y D R O G E N A S E  

I N  T H E  P R E S E N C E  O F  A D D E D  P R O D U C T  

NM and K,~I defined as mM × 1o2; maximum velocity as ,434 onm × to 2 per rain. KpQ equals 
KQ/(Kp. K~Q). 

Experimental conditions 

NAD+ + NAD+ + NAD+ + NAD÷ -t N A D + + N A D H +  
N A D H  + NA DH + acetoacetale + acetoacetate + acetoacetate + 
fl-hydroxy- [3-hydroxv- fl-hydroxy- fl-hydroxy- [3-hydroxy- 
bu(vrate a bu(vratea, b butyratee butyrateb,e butyratea.b,e 

KA 2.88 ~___ 0.57 1.O7 :t- 0.43 3.13 -~_ 2.65 2.53 ~ 1.26 1.46 ± 0.50 
/~ 'B 91.33 ~ 6.52 52-46 ± 4 .00 lO8.3° :~ 14.4 59 .lo ~_ 6-51 63.19 ! 4-4 ° 
K~A 37.29 -k 2.84 56.49 ± 4.31 37.47 -_t: 3.54 49-54 i 6.02 50"04 ± 3.44 
I ( ~  116.60 ± 8.36 175-70 i~ 39.7 i46.8o -- 25.2 
K,Q 4.89 ± 0.24 4.42 ~: 0.22 - 4.63 ~- 0.24 
/ ( p Q  - 1 9 0 . O O  ~- 1 8 . 1  I 6 8 . 2 0  ~ 1 4 . 1  

VAB 1.74 ± 0.04 - 1.82 _~ 0.07 1.86 q: 0.05 
VBA -- 1.63 i 0.04 1.7o ! 0.07 t.75 ~- o. 05 
VABQ 1.67 ~ 0.05 1.38 2~ 0.03 -- 1.47 =E 0.04 
VBAQ 1.58 :~ 0.04 1.37 ± 0.03 -- -- 1.43 i O.03 
V A B P  - --- 1.92 ~ o.16 1.48 -~ o.o6 1.52 ~2 0.04 
V B A P  -- - 1.7° i o. t4 1.42 zk 0.06 1.43 i:  0-03 
Variance x lO 8 2.3824 5.5206 2.2491 7.6256 6.0976 
Fvalue(df .n ,m)d 14363(6 ,66  ) 779I  (8, I24) 7373(6 ,42 )  e 3470(9 ,99)  6o59(12,168)  

a Combination of 72 data  points from Fig. 6a and 6b. 
b Combination of 60 data  points from Fig. 3a and 3 b. 
e Combination of 48 data  points from Fig. 5a and 5 b. Twelve data  points for acetoacetate 

at  o.o71 and 0.85 mM (Fig. 5a) and 12 for acetoaeetate at  0.o53 and 1. 7 mM (Fig. 5 b) not  in- 
cluded. 

d See Footnote d, Table I 1. 
e Number of parameters  decreased by one by setting KiD equal to Kp o. 

p r o v i s i o n a l  e s t i m a t e s  of  t h e  p a r a m e t e r s  o b t a i n e d  f r o m  t h e  r e g r e s s i o n  a n a l y s e s  re- 

s u l t i n g  f r o m  t h e  succes s ive  a p p l i c a t i o n s  of  E q n s  3, 4, 5, 7, a n d  8 to  t h e  d a t a  in  a 

s t e p w i s e  f a sh ion .  A c o m p a r i s o n  of  t h e  r e s u l t s  for  t h e  d i f f e r e n t  i n i t i a l  r e a c t a n t  con-  

d i t i o n s  is g i v e n  in  T a b l e  I I I .  

F o r  t h e  r e v e r s e  r e a c t i o n  a s i m i l a r  p r o c e d u r e  was  fo l lowed  u t i l i z i n g  t h e  s a m e  

e q u a t i o n s  b u t  r e s p e c i f y i n g  t h e  p a r a m e t e r s  o n  t h e  bas i s  o f  t h e  s y m m e t r y  in  Mode l  I 

a n d  s i m i l a r l y  r e d e f i n i n g  t h e  v a r i a b l e s .  T h e  e s t i m a t e s  of  t h e  p a r a m e t e r s  for  t h e  v a r i o u s  

c o m b i n a t i o n s  of  t h e  d a t a  f r o m  F igs  4a, 4 b,  7 a, 7 b,  8a,  a n d  8b  a re  p r e s e n t e d  in  T a b l e  

IV.  T h e  e x p e r i m e n t a l  d e s i g n  for  t h e  n o n - c o m p e t i t i v e  ef fec t  of  f i - h y d r o x y b u t y r a t e  in  

t h e  p r e s e n c e  o f  N A D H  a n d  a c e t o a c e t a t e  as  v a r i a b l e  s u b s t r a t e  (Fig.  7a,  7 b) was  also 

f o u n d  to  b e  u n s a t i s f a c t o r y  for  t h e  e s t i m a t i o n  o f  7 p a r a m e t e r s  b y  E q n  6 b u t  t h i s  

l i m i t a t i o n  w a s  r e m o v e d  b y  t h e  i n c l u s i o n  of  t h e  i n i t i a l  v e l o c i t y  d a t a  as  in  t h e  case  
of  t h e  f o r w a r d  r e a c t i o n .  

H a v i n g  o b t a i n e d  e s t i m a t e s  of  t h e  p a r a m e t e r s  for  b o t h  t h e  f o r w a r d  a n d  r e v e r s e  

r e a c t i o n s ,  i t  was  n o w  pos s ib l e  to  d e t e r m i n e  t h e  d e g r e e  of  fit t o  t h e  ful l  r a t e  e q u a t i o n  

in  k i n e t i c  c o n s t a n t  f o r m  as s h o w n  in  E q n  IO 
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T A B L E  I V  

KINETIC PARAMETERS, STANDARD DEVIATIONS, AND ANALYSIS OF VARIANCE FOR INITIAL VELOCITY 
DATA FOR THE REVERSE REACTION CATALYZED BY D(--)-/~-HYDROXYBUTYRATE DEHYDROGENASE 
IN THE PRESENCE OF ADDED PRODUCT 

KM a n d  KIM d e f i n e d  a s  m M  × lO*; m a x i m u m  v e l o c i t y  a s  Aa4 0 nm X IO 2 p e r  m i n .  K A B  e q u a l s  
KA/(KB"  K,A) .  

Exper imenta l  conditions 

N A D H  + N A D H  4" N A D H  + N A D H  + N A D H  + 
N A D  + + N A D  + 4- acetoacetate + acetoacetate + N A D  + 4" 
acetoacetate a Acetoacetatea, b fl-hydroxv- fl-hydroxy- acetoacetate 4" 

butyrate e butyrate b,e fl-hydroxy- 
butyratea,b,e 

/~/Q 1.81 i 0 .35  3 .62 4- 0 .48  2 .14  ± 0 .32  3 .00 ± 0 .46  3 .12 ± 0 .40  
K p  30 -69  ! 7 .29  7 4 . 8 6  4- lO.2 2 1 . 8 I  4- 2.61 4 2 . 1 2  ± 7 .07  52 .5  ° ± 7 .15  
KIQ 6-45 4" 1 .54 2 .07  4" 0 -27  7 .73  4" 0 -87  2 .74  ± 0 .49  2 .97  ± o.41 
K~p - - 18 .15  4" 2 .80  4 6 . 5 4  4" 11.8 3 0 . 2 7  4" 7 .07  
K i A  4 1 . 3 9  4- 1 .69 38 .3  ° 4- 1.92 -- -- 4 ° . 2 8  4" 2 .24  
KAB -- -- -- 2 2 . 3 9  4" 3 .39  15-65  4" 2 .37  
VQp - 2 .26  ± O.19 - 1 .67 4" ° . 1 4  1.93 4" o .14  
VpQ - 2.02  4" o .18  - 1 .64 4" o .16  1.81 4" ° . 1 4  
VQp A 1.46  ± o . I I  2.Ol ± o .15  - - 1 .74 4- o . I I  
VpQA 1.31 4" 0.O9 1.79 4" o .14  -- -- 1 .57 4" O.IO 
VQpB -- -- 1 .46 4" 0 .07  1 .67 4" O.13 1 .86 ± O.12 
VpQB -- -- 1.15 4" 0 .05  1 .29  - -  O.IO 1.44 4- o . I o  
V a r i a n c e  × lO s 2 . 0 5 5 2  3 . 4 7 7 4  4 . 2 4 2 7  5 . 2 8 5 9  4 . 8 6 4 7  
F v a l u e  (df.  n, m) a 9 347  (6, 66) 5 8 5 6  (8, 112) 3 892  (6, 66) e 3 084  (9, i i i )  4 4 8 4  (12, 18o) 

a C o m b i n a t i o n  o f  7 2 d a t a  p o i n t s  f r o m  F ig .  8 a  a n d  8b.  
b C o m b i n a t i o n  o f  4 8 d a t a  p o i n t s  f r o m  F ig .  4 a a n d  4 b (cf. F o o t n o t e  c, T a b l e  I I ) .  
e C o m b i n a t i o n  o f  7 2 d a t a  p o i n t s  f r o m  F ig .  7 a a n d  7 b .  
d See F o o t n o t e  d,  T a b l e  I I .  
e N u m b e r  o f  p a r a m e t e r s  d e c r e a s e d  b y  o n e  b y  s e t t i n g  K , p  e q u a l  t o  KAB.  

( V A  B '  Z I -+- VBA' Z.~ -- [)'ABP" 23 @ VBAP" Z| + V A BQ" Z5 + VBA Q' ZIt]' [A ]" [ B ] '  Kp" K* q + ( VQp" Z? + VpQ' Z8 -[- VQpB' Z 9 + VpQB" Z 10 + 
+ VQpA' Z1~ + VPQA' Z12)' [P]' [Q]. K,A. KB 

V = Kp.K~Q.[A].[B]+KA'Kp. KtQ.[B]+KB'Kp'KtQ'[A]+KB'K A'Kp'K Q+KA'Kp'[B]'[Q]+KB'K A'Kp ' [Q]+ 
(IO) 

+ KB" KQ. [A ]- [B]. [PJ/K,B + KB. KQ. [A ]. [P] + K A" KB" KQ" [P] + KA" Kp" [B]' [P]' [Q]/K~p + KB" KiA" [P]" [O] 

With the parameter  values obtained from fitting Eqn 9 to the data for the 
forward reaction (Table I I I ,  Column 5) and for the reverse reaction (Table IV, 
Column 5) it was possible to evaluate the 2o parameters of Eqn IO with relative ease, 
convergence to a satisfactory minimum being obtained in 6 iterations. The results 
are presented in Table V. The standard deviations for the maximum velocities are 
in general much lower than those for the Michaelis constants and the product inhi- 
bition constants. In Table VI the 95% confidence limits for the kinetic constants 
are compared for the various initial reactant  conditions described in Tables II ,  I I I ,  
and IV with those obtained for the combined data assessed by means of Eqn IO. 
Significant differences occur for KA, KB, Kip, and KIQ and for V A B ,  V B A ,  and VpQ. 

Examinat ion of Eqn IO shows that  the set of kinetic constants (Vt, KA, KIA, 
KB, KIB, Vr, KQ, KtQ, Kp, Kip) does not exist in one-to-one correspondence with 
the set of rate constants (kl, k s, ka, k4, ks, k6, k~, ks) and therefore the transformation 
from one set to the other cannot be carried out by means of unique definitions unless 
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T A B L E  V 

KINETIC PARAMETERS, STANDARD DEVIATIONS, AND ANALYSIS OF VARIANCE FOR THE COMBINATION 
OF ALL INITIAL VELOCITY DATA FOR D(--)-~-HYDROXYBUTYRATE DEHYDROGENASE FROM t¢. 
spheroides TESTED FOR FITTING EQN IO 

KM and  KiM defined as m M ×  lO2; m a x i m u m  ve loc i ty  as As40 nm X IO 2 per  rain. 

KA 2.80 +_ 0.43 VAB 1.96 ~-: 0.04 
KiA 41.95 4: 1.83 VBA 1.85 ~ 0.04 
KB 75 -°1 ~- 3.59 VABP 1.59 -~ 0.04 
K,B 134.30 ~ 17.3 VBAP 1.5o ± 0.03 
KQ 2.47 ~ O. I6  VABQ 1.56 --L 0-04 
KiQ 4.46 ± 0.20 VBAQ 1.53 ~ 0.03 
Kp 37.9 ° ± 2.56 VQp 1.71 :k 0.07 
Kip 11.oo ~ [-97 VpQ 1.6o i 0.08 

r Q p  B 1.65 ~ 0.06 
VpQ B 1.28 ~ 0.05 
VQpA 1.55 ~ 0.05 
VpQA 1.4o ± 0.05 

Var iance  × lO 8 
F va lue  (degrees of freedom) 

5.9437 
5 728 (20, 352 ) 

T A B L E  VI  

COMPARISON OF 95% CONFIDENCE LIMITS FOR KINETIC CONSTANTS EVALUATED FOR DIFFERENT 
COMBINATIONS OF INITIAL VELOCITY DATA FOR D(--)-/~-HYDROXYBUTYRATE DEHYDROGENASE 
FROM R. spheroides 

Confidence l imi t s  are  c o m p u t e d  by  m u l t i p l y i n g  the  s t a n d a r d  dev ia t ions  by  two. For  the  s t ruc tu r e  
of the  equa t i ons  app l i ed  to  the  d a t a  see t ex t .  

Kinetic Equation 95 % confidence 95 % confidence limits 
constant applied limits X IO ~ for Eqn 50 × lO 2 

KA 3 4 .68-  6.88 a 1.94- 3 .66 
KIA 3 37.7 ° -  47 .6 38-3 ° -  45 .6 
KB 3 47.7 ° -  57.7 a 67.80-  82.2 
K~B 8 96.40-255.0 98.80 17o.o 
KQ 3 1.37- 2 '2Ib 2"15-- 2.79 
KiQ 3 1 .9°-  3 .o2a 4 .06- 4 .86 
Kp 3 27.80 47.6 32.80- 43.0 
Kip 8 22.9 ° -  70.2 a 7.05-- 14. 9 
VAB 3 1.60-- 1.80 a 1.88-- 2.04 
VBA 3 1.54-- 1.65a 1.77-- 1-93 
VABP 8 1.36-- 1.60 1.51-- 1.67 
VBA P 8 1.20-- 1.54b 1.44-- 1.56 
VABQ 4 1.57- 1.77 c 1.48- 1.64 
VBAQ 4 1.5o i .66 1.47- 1.59 
VQp 3 1.21-- 1.6I d 1 . 5 7 -  1.85 
Vpo 3 1 . °7-  1.35 a 1.44- 1-76 
VQpB 8 1.4I-- 1.93 1.53-- 1.77 
VpQB 8 1.O 9 -  1.49 1.18-- 1.38 
VQPA 4 1.24- 1.68 1.45 1.65 
VpQA 4 1.13-- 1.49 1.30-- 1-5°- 

a E s t i m a t e  of k ine t i c  c o n s t a n t  is s ign i f ican t ly  different  f rom t h a t  ca lcu la t ed  us ing E q n  io.  
b Signif icant  difference be tween  the  m e a n  va lues  a t  the  0.5% level  us ing S t u d e n t ' s  t 

d i s t r i b u t i o n  for t = (21~2)/~/(sl)~ + (s2) 2 for m 2 degrees of freedom. 
c Signif icant  difference be tween  t he  mean  va lues  a t  the  5 O//o level. 
,l S igni f icant  difference be tween  the  m e a n  va lues  a t  the  1% level.  
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the values of one set are exact. Since this is not the case because of the residual error 
ill the data, the application of the set of kinetic constants as defined in Eqn IO 
introduces two additional degrees of freedom that  are not represented in Model I. 
This criticism does not apply to Eqns I to 9 where the number of degrees of freedom 
implied by  the definitions of the kinetic constants employed is less than the number 
of degrees of freedom for the set of rate constants under the limiting conditions 
chosen. This inconsistency in defining the rate equations for the various conditions 
of reactant  concentrations, using kinetic constants formulated on the basis of 
Cleland's approachl, 1~, was therefore considered as a possible explanation for the 
serious discrepancies in the 95 % confidence limits of the kinetic constants (Table VI). 
I t  was accordingly necessary to determine the degree of fit using the rate equation 
in rate constant form in order to eliminate ambiguity about the acceptability of 
Model I. 

The definitions of the maximum velocity for the forward reaction (Vf) and 
for the reverse reaction (Vr) contain the concentration of the enzyme as a factorl, lz. 
In Eqn IO the maximum velocities in the numerator  terms are estimated separately 
for each block of data by  means of the coding of the Z array, but all of the combined 
data contribute to the evaluation of the Michaelis and product inhibitor constants. 
For the enzyme equation in rate constant form, the enzyme component exists 
essentially as a scaling factor for the dependent variable (v) and can be set arbitrarily 
to unit concentration. However, because of the symmetry  of the rate equation, some 
method of defining the relative velocities for the forward and reverse reactions must 
still be included in the equation since the enzyme concentrations for the various data 
blocks were not accurately controlled. Cleland 1 has indicated that  the full rate 
equation can only be applied to data for which the same enzyme concentration has 
been employed. This difficulty has been surmonted in Eqn IO by  means of the Z 
array in which, for mx data blocks, 

Z i  = I ;  Z l ( j  7 ~ i )  = o (i,  ] - -  1 , 2  . . . .  m x )  

The additional variables introduced by the Z array do not increase the number of 
degrees of freedom implicit in the model but simply provide a means of evaluating 
the maximum velocity for each data block. The numerator  of the full rate Eqn IO 
was made positive because no data points for A, B, P, and Q present at initial t ime 
are included in the experimental design. In the application of the enzyme equation 
in rate constant form, nevertheless, the problem arises that  the separation of the 
rate constants from the enzyme component in the definition of the maximum ve- 
locities would introduce an additional degree of freedom. To overcome this difficulty 
the relative velocities for the different data  blocks may  be expressed as ratios and 
the ratio for the data block from Fig. 3a may  be set arbitrarily equal to i. This 
would effectively eliminate the enzyme concentration from the estimation of the 
maximum velocities and permit Vt to be determined by  the values of k 5 and k~ and 
Vr to be determined by  the values of k2 and k4 (ref. 12). The full rate equation in rate 
constant form, modified in this manner, is shown in Eqn I I .  The E vector in the 
numerator  provides a basis for obtaining estimates of the relative enzyme concen- 
trations for the various data blocks studied. 
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ktk3k~kT[A ] . [ B ] . ( Zl + EBA" Z2 4- E ABw Z,~ ~ EnAP" Za + E ABQ" Zs + EP, AQ" Zt) + kik4k6k~[ P] " [ Q ! " ( EQP" Z7 [- Er, Q" Z ~ + EctI, B" Zy + E PQB" Zxo + 
+ EQpA" Z~,t ~ E~,~A" Z~) 

v -- ktk~(ks + k,). [A 1. [B! + ksk~k,[B] + ktk,(k4 + k~). [A 1 -~ k~k:(k, ~ k~) + k:k~ks[B]. [Q~ + k~ks(k, + k~). [Q] + k~k~k,[A ]. [ B]. [P] + k~k,k,[A 1" [P] + 
+kzk4k6[P] ~-kak.ks[B]" [P]" [0] +k,ks(k,2 +k4)" [Pj '  [O] 

In order to apply Eqn I I  to the analysis of the combined data points from 
Figs 3a-8b, provisional estimates of the rate constants were calculated on the basis 
of the values of the kinetic constants for Eqn IO that are listed in Table V. The failure 
of these kinetic constants to yield unique values was emphasized by the inability to 
achieve a solution to Eqn I I since the nonlinear regression program diverged and 
could not find a satisfactory direction in which to search for a minimum. An attempt 
to modify Eqn io to provide relative enzyme concentrations in a manner comparable 
to Eqn i i  failed due to violation of the constraint for positive, non-zero eigenvalues 
of the X ' X  matrix~3, ~4. 

The possibility was therefore considered that the additional degrees of freedom 
introduced by the definitions of Michaelis constants, product inhibition constants, 
and maximum velocities, as described for Eqn io, were providing an analysis of some 
unknown mechanism that contained additional reaction steps not indicated in 
Model I. In order to evaluate the acceptability of the Ordered Bi Bi mechanism, a 
reformulation of the kinetic constants was undertaken to produce consistent defini- 
tions of a set of parameters that would be in one-to-one correspondence with the set 
of rate constants and under the constraint that  the absolute value of the Jacobian ~ 
for the transformation would be non-zero. Definitions of the set (K1, K 2 . . . .  Ks )  that  
meet these conditions are defined in Table VII*. The full rate equation for Model I 
using these parameters is given in Eqn 12. When the analyses of the data in Figs 3a 8b 
were repeated with Eqns 3 to 9 transformed using the reformulated kinetic constants, 
it was possible to obtain provisional estimates that permitted a solution to Eqn 12. 

[A)'[B]'(Zt4-EBA'Z~ ~-/£ABP'Z~ ~-ERAt,'Z4 /EAt~Ct'2~ ~EBAQ'Z6)+[P]'[Q]'(K~.KnKs/(KtK4K;))'(EQP'ZTj-EpQ'Zs-{-EQPB'Z~ ~EpQB'Zto 4 
@EQpA "211 ~ ~'PQA "ZI2) 

= [A ]" [BIlKs + [B3/KI + [A !/K, + K J ( K i K , )  + IBm" [Q]- Ks/(K1K:) + [QT. K2K~/(K1K,KT) + [A 1" [P3" Kd(K4KT)+ [P]" [Ql' K~K,Ks/(K1K,KsKT) + 
(I21 

+ [A ]. [B]. [P]. {KdK, ) .  ( I lK a I lK  2 + I/K~-- i lK,)  + [P]. K2Kd(K,K4K,)  + [B]. [P]. [0] '  (KsKs/(K,KT))" (I/Ka-- I/K2 + I lK  5 -  I/KT) 

The results of the nonlinear regression analysis based on Eqn 12 are presented 
in Table VIII .  From the values of the set of (K 1, K 2 . . . .  Ks) it was now possible to 
calculate provisional estimates of the rate constants that were consistent using the 
transformation described in Table VII. A satisfactory convergence to a minimum 
sum of squares using the rate equation for Model I in rate constant form could now 

* The set  of (K v . .K8) is comparab l e  to the  set  of (t~l, ~2, ~3, t~li, (I)l', q~121', 1~1)3 t, {DI2') descr ibed 
by  Dalziel  n, b u t  r epresen t s  less complex  func t ions  of the  r a t e  c o n s t a n t s  and  has  been chosen to 
p rov ide  the  s imples t  basis  for the  eva lua t i on  of the  different ia ls  in the  d e t e r m i n a t i o n  of the  Jacob-  
ian. The set  of  ~ l  can  be expressed  as a func t ion  of the  set  of (K v . ,Ks) by  the  r e l a t ionsh ip  

(~(/~1 = [ A I  Jl "3]{1 

The d e t e r m i n a n t  of m a t r i x  [A~ has  been found to be non-zero and  therefore  the  J acob ian  for the  
set  of ~ l  w i t h  respec t  to the  set  of ra te  cons t an t s  wil l  be non-zero. Howeve r  the  inclusion of the  
i nh ib i t o r  c o n s t a n t s  defined by  Dalz ie l  n wil l  nega te  the  r equ i r emen t  for a one-to-one correspon- 
dence. The a c c e p t a b i l i t y  of o the r  c om b ina t i ons  of the  k ine t ic  cons t an t s  defined by  Dalziel  n has  
no t  been e v a l u a t e d  on th is  basis. 
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T A B L E  V I I  

REFORMULATION OF KINETIC CONSTANTS FOR THE O R D E R E D  BI BI MECHANISM BASED ON THE 

R E Q U I R E M E N T  FOR ONE-TO-ONE CORRESPONDENCE WITH T H E  SET OF RATE CONSTANTS AND THE 

E X I S T E N C E  OF A JACOBIAN WITH A NON-ZERO D E T E R M I N A N T  

K : f [ k , ,  kz . . . .  ks] k --  f f K 1 ,  K 2 . . . .  K s ]  K = f [  V.f, KA ,  I(~A, K B ,  Vr, KQ, KtQ, KI~,] 

K t = k t k t = K~ K 3 = V I / E X o  
K 2 = k2 k~ = K 2 K 4 --  K a / K A  
K s = k~kT/(k 5 + k7) k ,  = K z K d ( K 2 - - K s )  Kz = KI'K~:A 
K ,  = k~k~l(kt + k~) k s = K ~ K , I ( K , - - K 3 )  K t  = K ~ / K B  
K~ = k s k , l ( k ,  + k~) k~ = K ~ ( k t  + ks)/k~ K~ = V r / E X o  
K ,  = k , k s l ( k  , + k~) ks = K , ( k 4  + k~)/k4 K e = K J K p  
K~ = k 7 k7 : K7 K s  : K s / K Q  
Ks = ks k s = K s K 7 = Ks" KIQ 

D e f i n i t i o n  o f  non-zero elements  o f  J a c o b i a n  f o r  K = f [ k  1, k 2 . . . .  ks]  a 
Ja5 = (k,)2/(k5 -7 k;) 2 J37 : (ks)2/(k5 + k7) 2 J4z = k J ( k 4  + k~) 
J44 = - - ( k sk s ) l ( k ,  + ks) 2 J t~ = (k3k,)/(k4 + k6)* J~2 = (k4)*/(k, + k4) s 
J~,  = (k,)S/(k2 + k,) s Je4 = (kske)]( k ,  + ks) 2 Js5 = --(k,k6)l(k4 + ks) 2 
Js6 = (k4)/(k, + ks) J n  = J2s = J;7 - J s s  = i 
Dete rminan t  o f J i j  = k4ks(k2kT)~/[(ks + k4) ' (k4 + k s ) ' ( k s  + k7)]*' b 

(K s -  Ks) 8. (K, -- K~) 3 

KaKs~KzK7)3 .  ( I l K  z -  I / K , +  I / K ~ - -  ILK7) 2 

a Jij  = ~ K l l ~ k j  
b Since the de te rminan t  of  the Jacobian matr ix  is non-zero therefore 6k = [j-1] .6K can be 

obtained f rom 6K = [J] .6k and the definitions of the two sets of cons tan ts  are consistent.  For  the 
relat ionships 6K, = ( X ' X ) - I . X ' Y  and 6ki = ( Z ' Z ) - I " Z ' Y  the t ransformat ion  J ' ( X ' X ) J  = Z ' Z  
can be considered to provide a reasonable basis for es t imat ing the dis t r ibut ion of variance for the 
set of  [k l, k 2 . . . .  ks] from (Z'Z) -1. (s) s. 

T A B L E  V I I I  

KINETIC PARAMETERS,  STANDARD DEVIATIONS,  AND ANALYSIS OF VARIANCE FOR THE COMBINATION 

OF ALL INITIAL VELOCITY DATA FOR D ( - - ) - ~ - H Y D R O X Y B U T Y R A T E  DEHYDROGENASE FROM R. sphe- 
roides TESTED FOR FITTING EQN 12 

Kj (j = I . . . .  8) defined as m M ×  lO 2 and enzyme ratios for EAB equal to IOO. 

Re formu la t ed  k ine t ic  constantsa Ra t io s  o f  enzyme  concentrat ions  

K 1 69.02 2_ 9.96 EBA 94.5 ° ± 1.33 
K 2 28.40 J: 4.83 EABP 81.15 ± 1.39 
K 3 2.03 ~: 0.05 EBAP 77.85 i 1.25 
K 4 2.52 ± 0.08 EABQ 79.20 ~: 1-31 
K 5 6.36 :i: 1.51 EBAQ 76.~ ° -- 0"99 
K s 16.97 i 3.51 EQp 26.~o i 5 .80 
K 7 14.55 :~: 2.87 EpQ 23.75 ~: 5.15 
t¢ s 303.65 ~: 63.0 E Q p B  25.50 :J: 5 . 5  8 

EpQB 19.8o :~ 4.34 
E Q p A  23.95 ± 5.32 
EFQA 21.45 ± 4-77 

Variance × lO s 6.4544 
F value (degrees of freedom) 5 747 (19, 353) 

a Kinetic cons tan ts  are defined in Table VI I .  

b e  a c h i e v e d  a n d  t h e  v a l u e s  o f  t h e  p a r a m e t e r s  o b t a i n e d  f r o m  t h e  r e g r e s s i o n  a n a l y s i s  

fo r  E q n  I I  a r e  g i v e n  in  T a b l e  I X .  A c o m p a r i s o n  o f  t h e  e s t i m a t e s  o f  t h e  r a t e  c o n s t a n t s  

c a l c u l a t e d  on  t h e  b a s i s  o f  t h e  d e f i n i t i o n s  o f  t h e  p a r a m e t e r s  in  E q n s  I o  a n d  I 2  a r e  
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T A B L E  I X  

KINETIC PARAMETERS, STANDARD DEVIATIONS, AND ANALYSIS OF VARIANCE FOR THE COMBINATION 
OF ALL INITIAL VELOCITY DATA FOR D(--)-/~-HYDROXYBUTYRATE DEHYDROGENASE FROM R. sphe- 
roides TESTED FOR FITTING EQN I I  

kj (j = 1 . . . .  8) defined as mM  × io ~ and  e n z y m e  rat ios  for EAB equal  to IOO. 

Rate constants 

kl 69.o2 ± IO.i EBA 
k2 28.40 ± 4.91 EABP 
ka I1.3o ± 2.92 EBAP 
k~ 8.20 :j- 2.18 EAB Q 
k5 2.36 ~ o.12 EBA Q 
k6 21.85 ~= 3.15 EQp 
h~ 14.55 ~ 2-92 EpQ 
k8 303.65 ± 64.1 EQpB 

EpQB 
EQpA 
EpQA 

Var iance  × lO s 6.4544 
F va lue  (degrees of  f reedom) 5 747 (19, 353) 

Ratios of  enzyme concentrations 

94.5 ° ± 1.33 
81.15 J_ 1.39 
77.85 ~- 1.25 
79.2o _-}z 1.31 
76.60 ± 0.99 
26.60 j_ 5.91 
23.75 ~ 5.25 
25.50 ± 5.68 
19.8o :~ 4.42 
23.95 -~: 5.42 
21.45 -~: 4.86 

presented in Table X along with the 95% confidence limits for the rate constants 
provided by means of Eqn II .  

The extent to which a proposed model provides an acceptable representation 
of a particular set of data may be assessed by an examination of the precision with 
which the parameters are estimated. In a multi-parameter case this means that joint 
confidence intervals for all of the parameters are required. The joint confidence 
regions can be determined from the sum of squares surface 16. When the number of 
parameters is large, a detailed exploration of the sum of squares surface is difficult 
and it is therefore necessary to find an approximation to it. I f  it can be assumed that 
the linearized model is a satisfactory representation near the least squares parameter 
estimate, then an approximate ellipsoidal confidence region can be delineated is. 
Information about the shape of the response surface can therefore be obtained from 
an examination of the eigenvalues and eigenvectors of the normalized X ' X  matrix 
used in the regression analysis for the estimation of the parameters (Appendix I). 
I f  the ellipsoidal confidence region is elongated, showing high correlation between 
the parameters, this would indicate that the data do not contain sufficient infor- 
mation to provide good estimates and that the experimental design does not permit 
an adequate definition of the model. A measure of elongation is the ratio of the maxi- 
mum and minimum axes of the ellipsoidal confidence region defined by the quadratic 
form 

(k--~)  t X t X  (k--A) • n S  (~) F/(nw--?~) (13) 

where S(k) is the variance for the least squares estimate of'k and F is the F statistic 
for n and n w - - n  degrees of freedom at the 95°/:, confidence level. Diagonalization of 
Eqn 13 yields the eigenvalues ;tl, ;t 2 . . . ;tn and since the principal axes of an ellipsoid 
are proportional to the reciprocal of the square root of the eigenvalues, the ratio of 
the square roots of the maximum and minimum values of the eigenvalues, defined 
as the condition number (Table X), gives an indication of the elongation of the sum 
of squares surface. Values of this ratio in excess of IO may be taken to indicate an 
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T A B L E  X 

COMPARISON OF THE VALUES OF THE RATE CONSTANTS ESTIMATED BY NONLINEAR REGRESSION 
ANALYSES FOR MODELS I AND II  

hj (j = I . . . .  8) defined as mM × lO S . 

Eqn g a Eqn •o b Eqn 12, 
Model I e 

(x) o (2) (3) 

kl 48.78- 89.26 70.06 70.00 69.02 
ks 18.59- 38.23 29-39 29.37 28.41 
ka 5.45- 17.13 2.75 11.73 11.29 
k 4 3.84- 12.56 1.24 8.23 8.20 
k 5 2.12- 2.60 23.75 2.36 2.36 
k6 15.55- 28.15 63.23 22.50 21.85 
k 7 8.71- 20.39 2.14 11.61 14.55 
ks 175.4 -431.9 47.96 260.20 303.65 
Residual  

error  × lO 5 2.2784 2.0922 2.2784 
Var iance  × lO s 6.4544 5.9437 6-4544 

24.5 137.3 Condit ion numberg  195.i 
F value (degrees 

of  freedom) 5 747 (19, 353) 
fpartial 

5 728(20,352 ) 5 747 (19, 353) 
2.67 (35, 353) h 31.3 (I, 352) i - 

Eqn 12, Model I I  a 

(4) f (5) f 

68.5o 60.86 
28.I 3 24.63 
11.16 9.62 

8.12 7.28 
2.37 2.49 

21.26 19.O5 
14.28 13.96 

298.84 266-33 

2.2777 2.8828 
6.4707 7.4299 

143.3 138.5 

5 260 (20, 352 ) 5 398 (20,388) 
O . I I  ( I ,  352)J 2.6 (36, 352) k 

a 95% confidence limits for ra te  cons tan t s  for Model I computed  from da ta  presented  in 
Table IX.  

b Es t ima tes  of  rate  cons tan t s  for (i) compu ted  f rom da ta  in Table V from the  set (VAB, 
KA, KiA, KB, VQp, KQ, KiQ, Kp) assuming a i :i rat io of  enzyme concent ra t ions  and similarly for 
(2) bu t  assuming a I :o.2661 ratio). 

e Es t imates  of ra te  cons tan t s  calculated f rom the  set  (K 1, K 2 . . . .  Ks) using da t a  in Table 
VI I I .  

d E q n  t2 modified to include (i + KIp" [P]) factor  for A B ,  A B P ,  and  PQ t e rms  and tes ted  
for fit to 372 da ta  poin ts  for (4) and for an addi t ional  36 da ta  poin ts  for (5). 

e Significant differences for k 3 to k s in compar ison wi th  results  for E q n  i i .  
Es t ima te  of  KIp for (4) is o.ooi  (not significantly different f rom zero) and for (5) is 

O.OIO 5. 
g Condit ion number  equals the  square root  of  the  rat io of  m a x i m u m  and mi n i mum values 

of  the  eigenvalues of  the  X ' X  matr ix .  
h Fpartial for E q n  II  based on compar ison wi th  residual  error  for E q n  12, Model II, (5). 

Feritica 1 (0.005:30,00) -- 1.79. 
i Fpartial for E q n  io  based on compar ison wi th  residual error  for E q n  i i .  Fcrincal (0.005: 

I,OO) = 7.88. 
J Fpartial for E q n  12, Model II, (4), based on compar ison wi th  residual error  for Model I, (3). 

Ferltleal (0.005 :I,OO) -- 7.88. 
k Fpartial for E q n  12, Model II,  (5), based on compar ison wi th  residual  error  for Model II  

(4)" Feritieal (o.oo5:3o,c~) = 1.79 

i n a d e q u a t e  e x p e r i m e n t a l  d e s i g n .  T h e  e i g e n v a l u e s  a n d  e i g e n v e c t o r s  o f  t h e  X ' X  

m a t r i c e s  f o r  a l l  o f  t h e  a n a l y s e s  w e r e  d e t e r m i n e d  a n d ,  in  al l  c a s e s  w h e r e  a f o r m  o f  t h e  

fu l l  r a t e  e q u a t i o n  w a s  a p p l i e d  t o  t h e  d a t a ,  a h i g h  d e g r e e  o f  c o r r e l a t i o n  b e t w e e n  t h e  

p a r a m e t e r s  w a s  o b s e r v e d  a s  i n d i c a t e d  b y  t h e  c o n d i t i o n  n u m b e r  ( T a b l e  X ) .  T h i s  m a y  

b e  c o n s i d e r e d  t o  b e  d u e  t o  t h e  f a c t  t h a t  t h e  e x p e r i m e n t a l  d e s i g n ,  w h i c h  is  b a s e d  o n  a 

d e t e r m i n a t i o n  o f  t h e  v e l o c i t y  o f  t h e  e n z y m i c  r e a c t i o n  e x t r a p o l a t e d  t o  z e r o  t i m e ,  f a i l s  

t o  p r o v i d e  s u f f i c i e n t  i n f o r m a t i o n  t o  d e l i n e a t e  t h e  e q u i l i b r i u m  r e l a t i o n s h i p  a t  i n f i n i t e  

t i m e .  T h e  d i s t r i b u t i o n  o f  t h e  r e s i d u a l  e r r o r  a m o n g  t h e  p a r a m e t e r s  h o w e v e r  i n d i c a t e s  

a r e m a r k a b l y  g o o d  f i t  t o  t h e  p r o p o s e d  m o d e l  d e s p i t e  t h e  r e s t r i c t e d  f o r m  o f  t h e  

e x p e r i m e n t a l  d e s i g n .  
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Although Eqn io is not acceptable as a representation of Model I, it did yield 
a lower variance and condition number than Eqns I I  and 12, showing a highly 
significant reduction in the residual error with a n  Fpar t i a l  value of 31.3 . The proba- 
bility of a reduction of this magnitude occurring if Model I were correct is less than 
o.ooi. Since Eqn IO represents a model with essentially IO degrees of freedom, it was 
therefore decided to explore the possibility of the formation of a dead-end inhibitor 
complex which would introduce additional terms into the denominator of the rate 
equation. Model I I  was found to provide a reasonable explanation for the data that 
had been discarded due to lack of fit for Model I but it did not yield an improvement 
in the variance. 

klA k3B ks k7 
E k2~ EA k4~ EAB-EPQ,~ kTpEQ_, ksQ~- E (Model I I) 

Kip 
EPPQ 

The possibility arises that the additional parameters, imposed by the necessity 
of evaluating the enzyme ratio for each block of data, are responsible for the extreme- 
ly high condition numbers obtained using Eqns I I  and 12. In the initial application 
of Eqn IO to the combined data, the structure of the equation implicitly fixed the 
enzyme ratios at one for each data set on the basis of the definitions of the Z array. 
Subsequently, when the ratio of VAB/VQp was arbitrarily fixed at o.2661 (Table X, 
Footnote b), the estimates of the rate constants corresponded closely to those ob- 
tained using the set of kinetic constants (K 1, K 2 . . . .  Ks). Thus acceptable values of 
the rate constants could only be obtained from Eqn IO by a restriction of the linearly 
dependent parameters that appear in the numerator. In contrast, Eqns I I  and 12 
provide an unrestricted determination of both the linearly dependent enzyme ratios 
and the nonlinearly dependent rate constants or kinetic constants. The extremely 
high condition numbers obtained with the application of Eqns I I  and 12 to the data 
may be taken as a reflection of an additional degree of freedom. When Eqn I I  was 
modified to restrict EAB to I and EQp to o.266I, a drastic reduction in the condition 
number was observed and a marked improvement in the standard deviations of the 
rate constants was achieved (Table XI). A similar result was obtained when all of 
the enzyme ratios were fixed at the values presented in Table IX. 

The assumption was therefore made that, in the application of nonlinear 
regression analysis to the full rate equation, a satisfactory delineation of the con- 
fidence limits for Che parameters was dependent upon additional information with 
respect to the interrelationship of the set of parameters defining the forward reaction 
as represented by (K 1, K 2, K 3, K4) and those defining the reverse reaction (K 5, K G, 
K 7, Ks) (Table vii). The interdependence of these subsets is defined by the equi- 
librium constant. 

To test this hypothesis the equilibrium constant was set equal to the value of 
klk3kskT/k~k4k~k s obtained from the estimates of the rate constants presented in 
Table IX and the number of nonlinearly dependent parameters in Eqn I I  was 
reduced by one by the substitution of the relationship (Keq'k~k4k6ks/kakskT) for kl. 
When this reduced model was tested very rapid convergence was obtained for the 
estimation of 7 nonlinear and I I  linear parameters. Although there was no change 
in the residual sum of squares, the distribution of the residual error among the 
parameters was modified drastically and the standard deviations of the rate constants 
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T A B L E  X I  

EFFECT OF PARAMETER REDUCTION ON THE STANDARD DEVIATIONS AND THE CONDITION NUMBER IN 

THE ESTIMATION OF RATE CONSTANTS AND ENZYME RATIOS USING MODEL I 

k j ( j  = I, . . .  8) defined as mM x IO 2 and enzyme rat ios for EAB equal to ioo. 

P a r a m e t e r  E s t i m a t e  a S tandard  deviat ions  

I b 2 c 3 a 4 e 

Ra te  constants  
k 1 6 9 . 0 3  - 2 .79  3 .56  9 .89  
ks 28 .41  1.85 1.52 1 .86 4 .80  
k 3 11 .29  0 .65  0 .40  0 .58  2 .85  
ka 8 .20  0 .47  0 .34  0 .40  2 .13 
k 5 2 .36  0 .05  0 .04  0 .05  o .12  
k 6 2 1 . 8 5  0 .92  0 .75  0 .90  3 .09  
k~ 14 .55  0 .99  o .71  0 .88  2 .86  
k s 3 0 3 . 6 5  13 .84  8 .66  I 1.98 6 2 . 7 2  

E n z y m e  ratios 
EBA 9 4 . 4 7  1.33 - i .33 1.33 
EABI, 8 1 . 1 5  1.38 - 1.38 1 .39 
EBAP 77 .85  1.25 - 1.25 1.25 
EABQ 7 9 . 1 8  1 .29 - 1 .3o 1.31 
EBAQ 76 .63  0 .98  -- 0 .98  0 .99  
E Q p  26 .61  6 .86  - - 5 .77  
E p Q  2 3 . 7 5  7 .88  - 6 .65  5 .13  
EQpB 2 5 . 5 0  6 -76  -- 5 .12 5-55 
EpQB 19.81 5 .59  -- 4"42 4 ' 31  
EQpA 2 3 . 9 5  6.Ol - 4 .48  5 .29  
EpQA 2 1 . 4 5  5 .59  -- 4 .4  ° 4 .74  

R e s i d u a l  e r r o r  X lO 5 2 . 2 7 8 4  2 . 2 7 8 4  2 . 2 7 8 4  2 . 2 7 8 4  
V a r i a n c e  X lO s 6 . 4 3 6 2  6 . 2 5 9 4  6 . 4 3 6 2  6 . 4 3 6 2  
C o n d i t i o n  n u m b e r  r 18 .99  2 0 . 0 6  2 5 . 1 4  19o. 4 

a E s t i m a t e s  o f  p a r a m e t e r s  f o r  f i t t i n g  E q n  i i o b t a i n e d  u s i n g  a n  a d a p t a t i o n  o f  n o n l i n e a r  re -  
g r e s s i o n  p r o g r a m  w r i t t e n  f o r  t h e  B u r r o u g h s  6 7 o 0  b y  B r o e k h o v e n  a n d  \ V a t t s l L  i d e n t i c a l  p a r a -  
m e t e r  e s t i m a t e s  w e r e  o b t a i n e d  f o r  a n a l y s e s  I t o  4. 

b M o d e l  r e s t r i c t e d  b y  r e p l a c i n g  k 1 b y  Keq" kzk4ksks/(ksk~k~). 
e M o d e l  r e s t r i c t e d  b y  e l i m i n a t i o n  o f  a l l  e n z y m e  r a t i o  p a r a m e t e r s  a n d  f i x i n g  t h e s e  v a l u e s  t o  

t h o s e  p r e s e n t e d  in  T a b l e  I X  b y  s e t t i n g  Z 1 = i . o ,  Z 2 = 0 . 9 4 4 7 ,  Za  = o .8115 ,  Z 4 - -  0 . 7 7 8 5 ,  Z5 - -  
o . 7 9 1 8 ,  Z s  = 0 . 7 6 6 3  , Z 7 = o . 2 6 6 1 ,  Z s = 0 . 2 3 7 5 ,  Z9 = 0 . 2 5 5  ° , Z10 - -  o . 1981 ,  Z n = 0 .2395 ,  a n d  
Z12 = 0 . 2 1 4 5  f o r  t h e  c u r r e n t  v a l u e  o f  Zl .  V a l u e s  o f  Zj f o r  j n o t  e q u a l  t o  i w e r e  se t  t o  ze ro  (see t e x t ) .  

a M o d e l  r e s t r i c t e d  b y  s e t t i n g  Z~ = o .2661  = EQp.  
e U n r e s t r i c t e d  m o d e l  as  d e f i n e d  f o r  E q n  i i .  

See  F o o t n o t e  g, T a b l e  X .  

became comparable to those observed when the enzyme ratios were fixed as silown in 
Table XI. The resultant improvement in the confidence limits for the rate constants 
is accordingly a function of the accuracy of the value of the equilibrium constant 
and would therefore be dependent upon a definitive evaluation of this factor. 

Comparison of the results presented in Tables X and XI  demonstrates that 
the nonlinear regression procedure described in Appendix I makes possible a con- 
sistent evaluation of enzyme rate equations containing a large number of parameters. 
For any kinetic analysis it is essential to take into consideration a fundamental model 
which is the rate constant model in the sense that it is descriptive of each rate process 
in the mechanism. The models defined by Cleland 1 and others 9-1~ are attempts to 
reduce the computational difficulties inherent in the rate constant model and this 
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has resulted in various definitions of other parameters. This procedure is acceptable 
provided that the parameters in the transformed model are in one-to-one corre- 
spondence with the parameters of the fundamental model. For this condition to be 
true, it is necessary that the number of parameters be the same and that the Jacobian 
for the transformation be non-zero. The method presented in this paper demonstrates 
the importance of combining all of the data and testing a model that describes the 
complete mechanism. Other methods, using only parts of the data, produce models 
that describe separate parts of the mechanism and these procedures are unsatisfactory 
because they give misleading parameter estimation and integrate the mechanism 
without ever placing the total model in jeopardy. 

In the present study on the mechanism of action of fl-hydroxybutyrate de- 
hydrogenase from R .  s p h e r o i d e s  the experimental design, based on the reciprocal plot 
procedure, does not provide a suitable basis for model discrimination even though 
the distribution of the residual error among the parameters is reasonable. Although 
an accurate estimate of the rate constants for any restricted region of the joint 
confidence interval is not possible without additional information, the hypothesis of 
an ordered sequential mechanism is acceptable within the confidence limits indicated 
by the analysis of variance. 

APPENDIX I 

N o n l i n e a r  r e g r e s s i o n  a n a l y s i s  

The quasi-steady state relationship for an enzymic reaction can be expressed by 

Vi f(Mji; Pk; EXo) @ ei (i - -  I ,  n w ; j  - -  I,  m; k = ~, n) 

where the dependent variable V is a vector of n w  velocity determinations; A is an 
m × n w  matrix of initial concentrations of m reactant components for the ith ex- 
periment; P is a vector of n parameters, defined as a set of rate constants or as a set 
of kinetic constants that are combinations of rate constants; e is a vector of the 
corresponding errors in the experimental determination of V, and E X  o is the enzyme 
concentration. The residual functions ei are assumed to be independent and the error 
randomly distributed with constant variance. If, on examination of the residuals, 
these conditions are not met, then appropriate action must be taken to resolve this 
problem. 

The required solution is the vector P whose estimated values provide a mini- 
mum for the residual sum of squares. For most enzymic rate equations f ( V )  is non- 
linear in the parameters and the least squares estimate of the set of parameters that 
effectively minimizes the residual sum of squares must be achieved by iterative 
procedures. Convergence to acceptable approximations is not always a simple matter 
since the variance contour surface for a nonlinear model is frequently narrow, 
elongated, and non-ellipsoidal. The modified Gauss linearization method 1" with the 
variable incrementation procedure recommended by G. E. P. Box (personal com- 
munication) has been found to overcome some of the difficulties that may arisela, 1~. 
Generalization of the quasi-steady state rate equation may be achieved by con- 
sidering it as a ratio of two functions. The numerator may be represented by 

D N i  = f(Aji; Zzi; Pk; E X o )  (i = I, n w ; j  = I, m ;  z = I, rex;  k --  I ,  ~t) 
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where D N  is a polynomial expression; Z is an m x ×  nw matrix employed for the 
estimation of the respective max imum velocity parameters  for each of the mx blocks 
of data. Zzi is given the value of I if the zth data block is associated with the current 
value of i, otherwise it is given the value of o. The number of reactant components 
is given by m. 

The denominator of the quasi-steady state equation may  be represented by 

D i  = f ( A j i ;  P k )  (i = I ,  n w ; j  = I, m ;  k = I, n) 

where D is a polynomial expression containing at least n - m  + I terms. 
For provisional values (po) of the parameters and known values for the A j i  

reactants, estimates of the velocities can be obtained from 

V e s t i  = D N I / D I  

and the evaluation of the residuals from 

Yl : V l - -  Westl  

The total variation is expressed by  

nW 2 
S U M :  = X Wi 

1 = 1  

and the sum of squares due to deviation from regression is given by 

nw 
S U M  2 = X ( Y i -  Ves t i )  2 

l = a  

The variance E is defined by  SUM2/(nw-u ) and the F value for n and (nw-n) 
degrees of freedom by (SUM:-SUM2). (uw-n)/(n.  SUM2). For the initial trial vector 
P° a variance estimate E ° is obtained and a vector of increments ~P is defined for 
which P° + (~P = p1 yields a new variance estimate E 1. 

The matrix solution for the vector of dP values is based on the following 
relationships 

Y = (Yi) = d V l  

x = (xlj) = ~vesti/oPj 

X ' Y  = X ' X . d P  

6 P  = ( X ' X ) - I ' X ' Y  

The elements of matrix X are defined by 

X l j  = [ D I "  ( O D N i / P P j ) - - D N i "  (ODi /OPj ) ] /Di  ~ (i - -  I,  n w ;  j = I ,  ~/) 

The definitions of DN,  D, ODN/OP, and OD/OP are determined by  the structure of 
the rate equation being tested and must be provided as an external function. 

In practice a fraction of cSP is used in the incrementation of the parameters 
so that  

p :  = p 0  + 6 P ' ~  

The variable factor q) is defined by 

d~ = :/(: + g) 



2 4 R. H U R S T  e t  a l .  

The value o f #  is set initially to some convenient value (usually in the range o.I to IO) 
dependent upon the accuracy of the provisional estimate of the parameters and is 
changed at each iteration in accordance with the nature of the change in variance 
given by 

d E  = E ° - - E  1 

I f  dE is negative, the values of p t  obtained in the incrementation step are discarded 
to prevent divergence and the incrementation factor is changed by the replacement 
of the current value of/~ by the value of #/o.618 where o.618 is the Pythagorean 
golden section. New values of 6P.  q5 are estimated and the vector P° is retained until 
a positive value of dE is reached. 

When dE is positive, the current value o f #  is replaced by the value of o.618 ×/~ 
and iteration is continued using the new trial vector p1 in place of P°. This process 
is repeated until the convergence criteria have been satisfied. A stat ionary value of 
E is considered to have been attained when the ratios, dE/E ° and dPi/P°i, are all less 
than respectively assigned critical values. 

A positive constraint is imposed on the parameters by a simple means of 
reparameterization defined by 

0i - -  l o g e P l  

Alternatively 

P i  - -  e°f 

The partial derivatives for the set of 0 can be obtained conveniently from those 
defined for the set of P by the relationship 

ov/oo = (~v/oP).O 

Thus the procedure for estimating dP can be used for the estimation of dO since 

X o  - -  X r . O  

The method for estimating dO is used until the convergence criteria are satisfied 
and then a final estimation is obtained using the procedure for dP. In all stages of 
iteration the value of the variance is computed from values of P = e °. 

When the convergence criteria have been satisfied, the variance-covariance 
table is obtained from the X ' X  matrix by the relationship 

Si j  = ( X ' X j j ) - I " S U M ~ / ( n w  n) (i - -  I ,  n ; j  = I ,  •) 

and the standard deviations of the parameters  from 

si = V(s.)  (i = i, n) 

The correlation matrix for the intercorrelation of the parameters  is obtained by the 
relationship 

U l j  - -  S i j / ( s i ' s j )  ti - -  I ,  n ; j  - -  ~, n )  

The eigenvalues and eigenvectors are obtained from the normalized form of 
the X ' X  matrix in order to eliminate differences due to scaling of the X vector. 
Conversion of X ' X  to the normalized form is given by  
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z ' z u  = x ' x u l ( ~ X - 7 ~ .  • ~ / ~ x j j )  

Computation of the eigenvalues and eigenvectors of the Z'Z matrix is accomplished 
by means of the E I G E N  subroutine s modified to produce the angles of the direction 
vectors in degrees and the ratios of the eigenvalues and their square roots to those of 
the largest eigenvalue. Direction vectors close to 45 ° and 135 ° indicate high corre- 
lation for the dominant component. 

Abnormal termination of the iterative procedure may occur for the following 
reasons : 

(i) Failure to find a positive value of bE after a specified number of trials. 
Conclusion is that  the X ' X  matrix is extremely ill-conditioned. 

(ii) Determinant  of the X ' X  matrix equals zero. The matr ix  is printed out to 
check for occurrence of a zero column or a linear dependency between columns 
(usually the result of an error in the construction of the equation for f(V)). 

(iii) Determinant  of X ' X  matrix is too small. This signals a condition of near 
singularity. Failure may  be due to insufficient data  to satisfy the degrees of freedom 
implicit in the model. A solution may  be possible by changing the scale of the de- 
pendent variable. The corresponding scale changes in the parameters will depend 
upon their interrelationship in the rate equation. 

(iv) Est imate of parameter  approaches zero. Indication is that  the parameter  
is not required to explain the regression. 

(v) Parameter  increases beyond defined limit. Indication of gross discrepancy 
in the provisional estimate of the parameters.  

A flow chart for the iterative procedure is presented in Fig. 9. 
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